digitのblockによって定義されるベキ級数の代数的独立性(解析的整数論) by 内田, 佳久
Titledigitのblockによって定義されるベキ級数の代数的独立性(解析的整数論)
Author(s)内田, 佳久










$q$ 2 , $W$ $0,1,$ $\ldots$ , $q-1$ block
.
$W:=\{b_{1}\cdots b\iota|b_{i}\in\{0,1, \ldots, q-1\}, l\geq 1\}$ .





$0^{1}=0\cdot\cdot \mathrm{o}\wedge\iota$. . $w\in W$ $n$ , $e(w;n)$ $n$ q
$.n=.a_{k}a_{k-1}.\cdots a_{0\sum}=i=0ka_{iq}i$ $(a_{i}\in\{0,1, \ldots, q-1\}, a_{k}\neq 0)$
w . $w\neq 0^{l}(l\geq 1)$ , $a_{k}$ $0$
, $w=0^{l}$ (Allouche and Shallit
[1] ). $|w|=l$
$e(w;n):=\#\{i\leq k|ai+l-1\ldots a_{i}=w\}$ .
$a_{k+1}=a_{k}+2=\ldots=0$ . $w\in W$ $e(w;0)=0$ .
. $w\in W,$ $|w|=l$ , $n\geq 0$
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$e(w;n)=q-1b=0 \sum e(bw;n)$ , (1)
$e(w;n)=q \sum_{b=0}^{-1}e(wb;n)+\{$
1( $n\equiv v(w)$ (mod $q^{l})$ )
$0$ ( ).
(2)
– $0$ $m,$ $n\geq 0(m<q^{l})$
$e(w;q^{l}n+m)=e(w;q^{\iota_{-}1}n+[m/q])+\{$





. $\{e(w;n)\}_{n\geq \mathit{0}}$ ,




1 $w\in W$ , $f(w;z)$ $\mathbb{C}(z)$
.
$f(w;z)= \frac{1-z^{q}}{1-z}f(w;z^{q})+\frac{z^{v(w)}}{1-z^{q^{|w|}}}$ . (4)
$l=|w|$ ,
$m_{0}=\{$







$f(w;z)$ $= \sum_{n\geq \mathit{0}}ql-m=\sum_{0}^{-1}\sum^{q-1}e1r=\mathit{0}(w;q^{lqq}n+qm+r)zln+m+r$
$=$ $\sum_{n\geq \mathit{0}}\sum_{m=0}^{q^{l}-1}-1\sum_{r=\mathit{0}}^{q}e-1(w,\cdot, q-1mn+)\iota z+qqm+r\delta Z^{m}+0\sum_{n}\iota_{n+}Z\geq 1q^{\iota}n+m_{0}$




, $f(w;z)$ $\mathbb{C}(z)$ . $f(z)=(1-z)f(w;z)$
(4)
$f(z)=f(Z^{q})+r(Z)$ $(r(z)\in \mathbb{C}(z))$
. Kubota [4, ’ Corollary .9] Loxton and van der Poorten [5, Theo-
$\mathrm{r}\mathrm{e}\mathrm{m}2]$ $f(z)$ , $f(w;z)$ , . $f(w;z)=a(z)/b(z)$
. $a(z),$ $b(\approx)$ , $\mathbb{C}$ . (4)
$(1-z^{q})a(z)\iota b(z^{q})=(1+z+\cdots+Z^{q^{-}1})(1-z)q^{l}a(Z^{q})b(z)+z^{v(w)}b(Z)b(z^{q})$ .
$z=1$ $b(1)=0$ . $(a(z), b(z))=1$ , $a(1)\neq 0$ .
$b(z)=(1-Z)Nb_{1}(z)$ $(b_{1}(z)\in \mathbb{C}[z]1\cdot’. : b_{1}(..1.)\neq 0, N\geq 1)$
,





$z=1$ , $N\geq 2$ $q^{N-1}=1,$ $N=1$ $b_{1}(1)=0$ ,
. $f(w;z)$ $\mathbb{C}(z)$ .
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Mahler [6] .
$\alpha$ ( $0<$ $<1$ ). $f(w;\alpha)$ .








$\text{ }:.\text{ }.\text{ }.\text{ }1J\}^{\{:}\grave{1}$
$f_{i}(z)$ ,
$f_{i}(z)=f_{i}(zq)+r_{i}(z)$ $(r_{i}(.\approx)\backslash \sim\wedge\in \mathbb{C}(z))$




$f(w_{m};\alpha)$ . $f(w_{1;}z),$ $\ldots,(f(w_{m};z)$
$\mathbb{C}(z)$ , Kubota [4, COrollary 9] Loxton
and van der Poorten [5, Theorem 2] , mod $\mathbb{C}(z)$ $\mathbb{C}$
. ’ : . $\cdot$ ..




$f(w_{m};z)$ mod $\mathbb{C}(z)$ $\mathbb{C}$ .
(ii) $0$ $c_{1},$ $\ldots,$
$c_{m}\in..\mathbb{C}$
.
, $\text{ }\{=m\sum_{i1}.C_{i}e(wi;7\mathrm{z})\}_{n\geq 0}$.
$q^{l-1}$ .
(iii) $n$ $n^{*}$ $n\equiv n^{*}$ (lnod $q^{l-1}$ ) $(0\leq n^{*}<q^{l-1})$ : .
, $(e(w_{i};n).-e(w_{i};n.)*)_{1\leq i\leq m,q}..l-1\leq n.\cdot\leq.q^{l}$
,
$\text{ },\#‘\mathrm{h}\backslash$ $m-1$ .
$w_{1},$ $\ldots,$
$w_{m}\in W$. (iii) .
$w_{1},$ $\ldots$ , wm\in W 2 , \alpha ( $0<$ $<1$ )
, $f(w_{1}; \alpha),$ $\ldots,$ $f(w_{\overline{m}};\alpha)$ .






$f(w_{i;)} \mathrm{t}IZ^{q}=\frac{1-z}{1-z^{q}}(f(w_{i};Z)-d_{i}(z))$ $(1 \leq i\leq m)$ .










$P(z)\in \mathbb{C}[z]$ , $\deg P(z)\leq 1\leq i\leq m\mathrm{m}\mathrm{a}\mathrm{x}\{ v_{i}+q^{l} - q^{l_{*}} \}\leq q^{l}$ . (6)




. (8) , $r(z)$ 1 $q^{l-1}$ ,
. (7) $0$ $r(z)$ . $r(z)$ 1 q’-l
, 1 $\xi$ . ,
$(0,2\pi]$ . $\xi_{1}$ $\xi$ $q$ $\arg\xi_{1}=(\arg\xi)/q$
, $\xi_{1}$ $r(z)$ . $\xi_{1}$ $\xi_{1}^{q}=\xi\neq 1$
$r(Z^{q})(1-Zq)/(1-Z)$ , $\xi_{1^{q^{l}}}=\xi^{q^{l-1}}\neq 1$ $P(z)/(1-z^{q})l$
. (7) $\xi_{1}$ $r(z)$ . $r(z)$
1 $q^{l-1}$ . $r(z)$ . $z=1$
$r(z)$ 1 . 1 r(z) $N(\geq 2)$
, $s(z)=(1-Z)^{N}r(z)$ $s(1)\neq 0$ . (7)
$\frac{s(z)}{(1-z)^{N}}=\frac{1-z^{q}}{1-z}\frac{s(z^{q})}{(1-Z^{q})N}+\frac{P(z)}{1-z^{q^{l}}}$ .
$s(z)= \frac{s.(z^{q})}{(1+z+\cdot\cdot+zq-1)^{N1}-}+\frac{(1-\mathcal{Z})^{N.1}-P(z)}{1+z+\cdot\cdot+z^{q^{\iota}}-1}$ .
$z=1$ , $1=q^{-N+1}$ . $N\geq 2$ .
$r(z)$ 2 , 1 , $\xi$ (
), $\xi_{1}$ $\xi$ $q$ , $\arg\xi_{1}=(\arg\xi)/q$
, $\xi_{1}$ $r(z)$ 1 . , $\xi_{1^{q}}=\xi\neq 1$ ,
$\xi_{1}\}$ $r(z^{q})(1-Z^{q})/(1-Z)$ 2 , $\xi_{1^{q}}=\xi$ I $q^{l-1}$
$P(z)/(1-Z^{q})l$ 1 . (7) $\xi_{1}$ $r(z)$ 2
, . $r(z)$ . (8)














(5), (8) (9) , $r(z)=R(Z)/(1-Zq^{l1}-)$ $\{=\sum_{i1}^{m}c_{i}e(wi;n)\}_{n\geq \mathit{0}}$
$q^{l-1}$ .
$(\mathrm{i}\mathrm{i})\Rightarrow(\mathrm{i})$ . .
$(\mathrm{i}\mathrm{i})\Rightarrow(\mathrm{i}\mathrm{i}\mathrm{i})$ . $c_{1},$ $\ldots,$ $c_{m}\in \mathbb{C}$ (ii)
$\sum_{i=1}^{m}C_{i}(e(wi;n)-e(wi;n^{*}))=0$ $(n\geq 0)$
. (iii) $m$ $\mathbb{C}$ .
$-\backslash -..-$







..$\cdot$... $\uparrow.$’ . $\cdot$ .... . ..
$\gamma_{n}=\gamma_{n}*$ (11)
$n(0\leq n\leq q^{l})$ . (ii) , (11) $n$
. $n>q^{l}$ , (11) $n-1$ .












$L(V):= \{c(z)+\sum_{i=1}^{m}Cif(w_{i};z)|w_{1},..,$ $,w_{m}\in V,$ $c(z)\in \mathbb{C}(z),$ $c_{1},\ldots,c_{m}\in \mathbb{C},$ $m\geq 1\}$
. $L(V)$ $\mathbb{C}$ .
3 $l$ $W\iota:=$ $\{ w\in W||w|\leq l\}$ ,
$W_{l}^{*}:=\{bw\in W|b\in\{1, \ldots., q-1\}, |bw|=l\}\cup\{0^{l}\}$
, $\{f(w;z)|w\in W_{l}^{*}\}$ mod $\mathbb{C}(z)$ $L(W_{l})$ .
$W_{l}^{*}$ $W_{l}^{*}=\{w_{0}=0^{l}, w_{1}, \ldots, w_{m}\}$ . ( $m=\# W_{l}^{*}-1$ ) .
$\sum_{i=0}^{m}c_{i}f(wi;Z)\equiv 0$ (mod $\mathbb{C}(z)$ ) $(c_{i}\in \mathbb{C})$
, $c_{1}=\cdots=C_{m}=0$ . $i(1\leq i\leq m)$ .
$w_{j}=b_{1}\cdots b_{l}$ $(b_{1}, \ldots , b_{l}\in\{0,1, \ldots , q-1 \}, b_{1}\neq 0)$
, $n= \sum_{2i=}^{l}biq^{l-i}$ , $v(w_{j})\equiv n(\mathrm{m}\mathrm{o}\mathrm{d} q^{\iota_{-}1})$ , 2 (ii)
$\sum_{i=0}^{m}C_{i}e(wi;v(w_{j}))=.\sum_{?.=0}^{m}cie(wi;n)$
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. $n<q^{l}$ $0$ . , $b_{1}\neq 0$
$e(w_{i};v(w_{j}))\neq 0$ i $=i$ . $c_{j}=0(1\leq i\leq m)$ .
$\mathbb{C}(z)\ni\sum i=0$ ci $f(w_{i};z)=C0f(w0;z)$ .
1 , $f(w_{0};Z)\not\in \mathbb{C}(z)$ $c_{0}=0$ .
$L(W\iota)=L(W_{l}^{*})$ . $l=1$ $W_{l}^{*}=\{0,1, \ldots, q-1\}=W_{1}$
, . $l>1$ $L(W_{l-}1)=L(W_{\iota_{-}1}^{*})$ . $w\in W_{l-1}^{*}$
. $w$ $0$ $w\mathrm{O},$ $\ldots,$ $w(q-1)\in W_{l}^{*}$
, (2)
$f(w;z)=b= \sum^{q-1}f(wb;z)0+\frac{z^{v(w)}}{1-z^{q^{\iota_{-}1}}}\in L(W^{*}\iota)$ .
$w$ 0 , $w=0^{l1}-$ $0w,$ $\ldots,(q-1)W\in$
$W_{l}^{*}$ . (1)
$f(w;z)=q-1b= \sum f(bw;z\mathit{0})\in L(W_{l}^{*})$ .
$L(W_{l-}1)=L(W_{\iota_{-1}}^{*})\subset L(W_{l}^{*})$ .
$|w|=l$ $w\in W_{l}\backslash W_{l}^{*}$ . $w=\mathrm{O}x(x\in W_{l-1})$ (1)
$f(w;z)=f( \mathrm{O}x;z)=f(x;z)-\sum fq-1b=1(bx;z)\in L(W_{l}^{*})$ .
$L(W_{l})=L(W_{l}^{*})$ . .
4 $W^{*}:=\{b_{1}\cdots b_{l}|b_{i}\in\{0, \ldots, q-1\}, b_{1}\neq 0, b_{l}\neq \mathit{0}, l\geq 1\}\cup\{0\}$
, $\{f(w;z)\int w\in W^{*}\}$ mod $\mathbb{C}(z)$ $L(W)$ .
$w_{1},$ $\ldots,$
$w_{m}\in W^{*}$
$\sum_{i=1}^{m}C_{i}f(wi;Z)\equiv 0$ (mod $\mathbb{C}(z)$ ) $(c_{i}\in \mathbb{C})$
, $c_{1}=\cdots=c_{m}=0$ . $m=1$ 1 . $m>1$
, $m-1$ . $l= \max\{|w_{1}|, \ldots, |w_{m}|\}$ .
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$w_{1}\neq 0,$ $|w_{1}|= \min\{|w_{i}||w_{i}\neq 0,1\leq i\leq m\}$ . $k\geq l$
$n_{k}=v(w10^{k})$ . $n_{k}\equiv 0(\mathrm{m}\mathrm{o}\mathrm{d} q^{\iota_{-}1})$ 2 (ii)
$\sum_{i=1}^{m}C_{i}e(w_{i};n_{k})=\sum Ci=1mie(w_{i};0)=0$ .
, $e(w_{1}; n_{k})=$ I. $w_{i}\neq 0(2\leq i\leq m)$ $e(w_{i};n_{k})=\mathit{0}$
$c_{1}=0$ . $w_{i}=\mathit{0}$ $i$ , $e(w_{i};n_{k})=$
$e(\mathrm{O};v(w1))+k$
$c_{1}+c_{i}(e(\mathrm{o};v(w_{1}))+k)=\mathit{0}$ .
$karrow\infty$ $c_{i}=\mathit{0}$ . $c_{1}=0$ .
$\sum_{i=}^{m}c_{i}f(w_{i;}z)\in \mathbb{C}(_{Z})$
, $c_{2}=\cdots=C=\mathrm{o}m$ .
$L(W)=L(W^{*})$ . $w\in W$ ,
$w=0^{k}x\mathit{0}^{l}$ $(k, l\geq 0, x\in(W^{*}\backslash \{0\})\cup\{\lambda\})$
. $\lambda$ empty block . $k+l$ $f(w;z)\in$
$L(W^{*})$ . $k+l=0$ , $w=x\in W^{*}$ . $k+l>0$
. $\mathit{0}\leq k’+l’<k+l$ $k’,$ $l’\geq \mathit{0}$ , $y\in(W^{*}\backslash \{\mathit{0}\})\cup\{\lambda\}$
$f(\mathrm{O}^{k’}y\mathrm{o}\iota\prime Z;)\in L(W^{*})$ . $k\geq 1$ (1)
$f(w;z)=f( \mathit{0}^{k_{X}}\mathit{0}^{l};z)=f(0k-1x\mathit{0}l;Z)-\sum_{=b1}^{-}fq1(b0^{k}-1lX0;z)$ .
$\mathit{0}\leq l<k+l,$ $x\neq 0$
$f(\mathit{0}^{k-1\iota}x\mathit{0};z),$ $f(b\mathrm{o}k-1_{X}0\iota_{J}.z)\in L(W^{*})$ $(1 \leq b\leq q-1)$ .
$f(w;z)\in L(W^{*})$ . $k=0$ (2)
$f(w;z)=f(x0^{\iota};z) \equiv f(x0^{\iota_{-}1}; z)-\sum_{=b1}^{-}fq1(X\mathit{0}\iota-1b;z)$ (mod $\mathbb{C}(z)$ ).
$x\neq 0$
$f(x\mathrm{o}^{\iota_{-}1}; z),$ $f(x0^{l-1}b;z)\in L(W^{*})$ $(1 \leq b\leq q-1)$




[1] J. P. Allouche and J. O. Shallit, Infinite products associated with counting
blocks in binary strings, J. London Math. Soc. 39(1989), 193 – 204.
[2] J. P. Allouche and J. O. Shallit, The ring of $\mathrm{k}$-regular sequences, Theoret. Comp.
Sci. 98(1992), 163–197.
[3] P. G. Becker, $\mathrm{k}$-regular power series and Mahler-type function$a1$ equations, J.
Number Theory 49(1994), 269–286.
[4] K. K. Kubota, On the algebraic independence of holomorphic solutions of
certain functional equations and their values, Math. Ann. 227(1977), 9-50.
[5] J. H. Loxton and A. J. van der Poorten, A class of hypertranscendental func-
tions, Aequationes Math. 16(1977), 93–106.
[6] K. Mahler, Arithmetische Eigenschaften der L\"osungen einer Klasse von Funktio-
nalgleichungen, Math. Ann. 101(1929), 342– 366.
[7] K. Mahler, Arithmetische Eigenschaften einer Klasse transzendental-transzen-
denter Funktionen: Math. Z. 32(1930), 545– 585.
160
